Motivated by the construction of new nonbinary quantum codes with good parameters, we propose four quantum code constructions generating new families of good codes. These new families consist of quantum codes whose parameters are better than the ones available in the literature. In other words, fixing n and d, the new quantum codes achieve greater values of the number of encoded qudits than the codes available in the literature (see Tables I to IV ). In this paper we only consider nonprimitive codes. In order to construct these new families it is necessary to know the exactly dimension of the classical Bose-Chaudhuri-Hocquenghem codes used for this purpose. This is a difficult task since the dimension of these codes is not known. To solve this problem, we show suitable properties of cyclotomic cosets, providing the exact dimension and also lower bounds for the minimum distance of the corresponding quantum codes as in the Euclidean as well as in the Hermitian case. Additionally, by applying the concept of linear congruence, we prove (for codes of prime length) the existence of, at least, one q-ary coset containing two consecutive integers. By means of this result we also construct new families of good nonbinary quantum codes, since this technique allows the construction of quantum codes with great dimension and great minimum distance.
The proposed families have parameters
• [[n, n − 4(c − 2) − 2, d ≥ c]] q , where q ≥ 4 is a prime power, n is an integer such that gcd(q, n) = 1, (q − 1) | n, m = ord n (q) = 2 and 2 ≤ c ≤ r, where r is such that n = r(q − 1);
• [[n, n − 2mr, d ≥ r + 2]] q , where m = ord n (q) ≥ 2, n is a prime number and r is the number of cosets satisfying suitable conditions (see Theorem 3.4);
• [[n, n − m(2r − 1), d ≥ r + 2]] q , where m = ord n (q) ≥ 2, n is a prime number and q ≥ 3;
• [[n, n − 4c, d ≥ c + 2]] q , where n > q is an integer with gcd(q, n) = 1, (q − 1) | n, m = ord n (q) = 2, 1 ≤ c ≤ r − 3 and r > 3 is such that n = r(q − 1);
• [[n, n − 4c − 2, d ≥ c + 2]] q , where 2 ≤ c ≤ r − 2, q > 3, n = r(q 2 − 1), r > 1 and m = ord n (q 2 ) = 2;
• [[n, n − 2mr, d ≥ r + 2]] q , where q ≥ 3 is a prime power, n > q 2 is a prime number such that gcd(q, n) = 1, m = ord n (q 2 ) ≥ 2 and r is the number of cosets satisfying suitable conditions (see Theorem 3.9) . This paper is structured as follows. In Section II we recall basic concepts on cyclic codes. In Section III, the four new quantum code constructions are presented. More precisely: in Subsection III-A, new families of nonprimitive quantum codes of length n, where m = ord n (q) = 2, are generated; in Subsection III-B, new families of q-ary quantum nonprimitive non-narrow-sense Bose-Chaudhuri-Hocquenghem codes of prime length, where m = ord n (q) ≥ 2, are constructed; in Subsection III-C, new families of quantum codes derived from Steane's code construction are shown; in Subsection III-D, the construction of new families of quantum codes derived from nonprimitive non-narrow-sense Hermitian dual-containing Bose-Chaudhuri-Hocquenghem codes are proposed. In Section IV, the parameters of the new quantum codes are compared with the ones available in the literature. Finally, in Section V, a summary of this paper is given.
II. REVIEW OF CYCLIC CODES
This section presents some basic concepts on cyclic codes, necessary for the development of this paper. For more details, we refer the reader to [18] .
Throughout this paper, p denotes a prime number, q = 2 is a prime power, F q is a finite field with q elements, n is the code length (we always consider that gcd(n, q) = 1). If C is an [n, k, d] q code then C ⊥ denotes its Euclidean dual and C ⊥H denotes its Hermitian dual. As usual, m = ord n (q) denotes the multiplicative order of q modulo n (i.e., the smallest positive integer m such that n divides q m −1) and C [s] denotes the q-ary cyclotomic coset modulo n containing s, defined by C s = {s, sq, sq 2 , sq 3 , . . . , sq ms−1 } (m s is the smallest positive integer such that sq ms ≡ s mod n), where s is not necessarily the smallest number in the coset C [s] . The minimal polynomial over F q of β ∈ F q m is the monic polynomial of smallest degree, M (x), with coefficients in F q such that M (β) = 0. If β = α i for some primitive nth root of unity α ∈ F q m then the minimal polynomial of β = α i is denoted
where M (s) (x) denotes the minimal polynomial of α s ∈ F q m over F q , and s runs through the coset representatives mod n. Let C be a cyclic code of length n. Then there is only one monic polynomial g(x) with minimal degree in C such that g(x) is the generator polynomial of C, where g(x) is a factor of x n − 1. The dimension of C equals n − deg g(x). The (Euclidean) dual code C ⊥ of a cyclic code is cyclic and has generator polynomial g(x)
. Thus, the code having generator polynomial h(x) is equivalent to the dual code C ⊥ . Let F q be a finite field and n a positive integer with gcd(q, n) = 1. Let α be a primitive nth root of unity. Recall that a cyclic code of length n over F q is a Bose-ChaudhuriHocquenghem (BCH) code of designed distance δ if, for some integer b ≥ 0 we have
is the monic polynomial of smallest degree over F q having α b , α b+1 , . . . , α b+δ−2 as zeros. If n = q m − 1 then the BCH code is called primitive and if b = 1 it is called narrow-sense.
Theorem 2.1: [18, pg. 201 ] (The BCH bound) Let C be a cyclic code with generator polynomial g(x) such that, for some integers b ≥ 0, δ ≥ 1, and α ∈ F q m (α is a primitive nth root of unity), we have g(α b ) = g(α b+1 ) = . . . = g(α b+δ−2 ) = 0, that is, the code has a sequence of δ − 1 consecutive powers of α as zeros. Then the minimum distance of C is, at least, δ. From the BCH bound, the minimum distance of a BCH code is greater than or equal to its designed distance δ.
III. CODE CONSTRUCTIONS
In this section we present our contributions, i.e., the four quantum code constructions previously mentioned.
A. Construction I -Nonprimitive Codes
In this subsection we construct new families of nonbinary CSS codes derived from two distinct classical BCH codes, not necessarily dual-containing. To proceed further, let us recall the so-called CSS construction:
Definition 3.1: [6, 13, 19, 20] Let C 1 and C 2 denote two classical linear codes with parameters [n,
We start by showing Lemma 3.1: Lemma 3.1: Let q ≥ 3 be a prime power and n > q be an integer such that gcd(q, n) = 1. Assume also that (q − 1) | n and m = ord n (q) ≥ 2 hold. Then each one of the q-ary cyclotomic cosets C [lr] , where r is such that n = r(q − 1) and 1 ≤ l ≤ q − 2 is an integer, has only one element.
Proof: Since rq = n + r holds, one has (lr)q = l(n + r) ≡ lr mod n, and therefore (lr)q t ≡ lr mod n, for each 1 ≤ t ≤ m − 1, proving the lemma.
Lemma 3.1 can be applied in order to show Theorem 3.1. Theorem 3.1: Assume that q > 3 is a prime power and n > q is an integer such that gcd(q, n) = 1. Assume also that (q − 1) | n and m = ord n (q) = 2 hold. Then there exist quantum codes with parameters [[n, n − 4(r − 2) − 2, d ≥ r]] q , where r is such that n = r(q − 1).
Proof: Since it is true that n | (q 2 − 1) and because we consider only nonprimitive BCH codes, it follows that r ≤ q. Since gcd(q, n) = 1 one has r < q, so the inequalities (r − 2)q < n and r + (r − 2)q < n hold. We next show that all the q-ary cosets (modulo n) given by The cosets C [0] and C [r] have only one element. Let us show that each one of the other cosets has exactly two elements. Since (r − 2)q < n, then the congruence l ≡ lq mod n implies that l = lq, where 1 ≤ l ≤ r − 2, which is a contradiction. If r + s ≡ (r + s)q mod n, where 1 ≤ s ≤ r − 2, then r + s = r + sq, which is a contradiction.
From now on, we show that all these cosets given above and C [0] and C [r] are mutually disjoint. We only consider the case
, where 1 ≤ l, s ≤ r − 2, since the other cases are similar to this one. Seeking a contradiction, we assume that
If l + s = 0 one has n ≤ l + s, which is a contradiction. If l+s = 0 holds it implies that l = −s, which is a contradiction.
On the other hand, if (r + l)q ≡ r − s mod n holds, one obtains
Since l, s ≤ r − 2 and r < q hold, if lq + s = 0 holds it follows that lq + s < n, which is a contradiction. If lq + s = 0 then lq = −s, which is a contradiction. Thus all the q-ary cosets ] , are mutually disjoint and all the q-ary cosets ] , are also mutually disjoint.
Let C 1 be the cyclic code generated by the product of the minimal polynomials
and C 2 be the cyclic code generated by g 2 (x), that is the product of the minimal polynomials
where i / ∈ {r, r + 1, . . . , 2r − 2} and i runs through the coset representatives mod n. From construction one has C 2 C 1 . From the BCH bound, the minimum distance of C 1 is greater than or equal to r because its defining set contains the sequence 0, 1, . . . , r − 2, of r − 1 consecutive integers. Similarly, the defining set of the code C generated by the polynomial
g2(x) contains the sequence r, r + 1, . . . , 2r − 2, of r−1 consecutive integers and so, from the BCH bound, C also has minimum distance greater than or equal to r. Since the code C ⊥ 2 is equivalent to C, C ⊥ 2 also has minimum distance greater than or equal to r. Therefore, the resulting CSS code has minimum distance greater than or equal to r.
Next we compute the dimension of the corresponding CSS code. We know that the degree of the generator polynomial of a cyclic code equals the cardinality of its defining set. Further, the defining set Z 1 of C 1 has r − 1 disjoint cyclotomic cosets. Moreover, all of them (except coset C 0 ) have two elements and so, Z 1 has 2(r − 2)+ 1 elements. Therefore, C 1 has dimension k 1 = n − 2(r − 2) − 1. Similarly, C 2 has dimension k 2 = 2(r − 2) + 1. Thus the dimension of the corresponding CSS code equals n − 4(r − 2) − 2. Applying the CSS construction to the codes C 1 and C 2 , one can get quantum codes with parameters
We illustrate Theorem 3.1 by means of a graphical scheme:
The union of the cosets
is the defining set of code C 1 ; the union of the cosets
is the defining set of C 2 , where C [a1] , . . . , C [an] are the remaining cosets in order to complete the set of all cyclotomic cosets. The union of the cosets
is the defining set of C.
Corollary 3.1: Assume that all the hypothesis of Theorem 3.1 are valid. Then there exist quantum codes with
Proof: Choose C 1 be the cyclic code generated by the product of the minimal polynomials
and C 2 be the cyclic code generated by the product of the minimal polynomials
where i / ∈ {r, r +1, . . . , r +c−2} and i runs through the coset representatives mod n. Proceeding similarly as in the proof of Theorem 3.1, the result follows.
B. Construction II -Codes of Prime Length
In this subsection the attention is focused on cyclic codes of prime length. Among the contributions shown in this section, we prove there exists at least one q-ary cyclotomic coset containing two consecutive integers (see Lemma 3.2) . In order to proceed further, let us recall a well-known result from number theory: Applying Theorem 3.2 we can prove Lemma 3.2: Lemma 3.2: Assume that q ≥ 3 is a prime power, n > q is a prime number and consider m = ord n (q) ≥ 2. Then there exists at least one q-ary cyclotomic coset containing two consecutive integers.
Proof: First, note that gcd(q, n) = 1. In order to prove this lemma, it suffices to show that the congruence xq ≡ x+1( mod n) has at least one solution for some 0 ≤ x ≤ n − 1 or, equivalently, the congruence (q − 1)x ≡ 1 (mod n) has at least one solution. We know that gcd(q − 1, n) = 1 holds, because n > q and n is a prime number. Since q − 1 = 0, it follows from Theorem 3.2 that (q − 1)x ≡ 1 (mod n) has an integer solution x 0 . Applying the division algorithm for x 0 and n one has x 0 = ns 0 + r 0 , where r 0 and s 0 are integers and 0 ≤ r 0 ≤ n − 1. Since (q − 1)x 0 ≡ 1 (mod n) holds then the congruence (q − 1)r 0 ≡ 1 (mod n) also holds, and the result follows.
Remark 3.1: Note that in Lemma 3.2 it is not necessary to assume that n is a prime number. In fact, we only need to suppose that gcd(q − 1, n) = 1 and gcd(q, n) = 1 hold (the latter condition ensures that C has simple roots). But since the corresponding q-ary cosets of BCH codes of prime length have nice properties, we have assumed that n is prime. However, if one assumes that gcd(q − 1, n) = 1 and gcd(q, n) = 1 hold, more good quantum codes can be constructed.
Theorem 3.3: Let q ≥ 3 be a prime power, n > q be a prime number and consider m = ord n (q) ≥ 2. Assume that
Proof: First, note that gcd(q, n) = 1. Choose C 1 be code generated by M (s) (x) and C 2 be the code generated Assume that q ≥ 3 is a prime power, n > q is a prime number and consider m = ord n (q) ≥ 2. Let C [s] be the cyclotomic coset containing s and s + 1. Suppose that all the q-ary cosets
, are mutually disjoint. Then there exist quantum codes with parame-
Proof: We know that gcd(q, n) = 1 and the coset C [−s] also contains two consecutive integers, namely, −s − 1 and −s. Let C 1 be the cyclic code generated by the product of the minimal polynomials
and let C 2 be the cyclic code generated by the polynomial g 2 (x), that is the product of the minimal polynomials
where j / ∈ {−s − r, . . . , −s − 2, −s} and j runs through the coset representatives mod n.
From the BCH bound, the minimum distance of C 1 is greater than or equal to r + 2 because its defining set contains the sequence of r + 1 consecutive integers given by s, s + 1, s + 2, . . . , s + r. Similarly, the defining set of the code C generated by the polynomial h 2 (x) = (x n − 1)/g 2 (x), contains a sequence of r + 1 consecutive integers given by −s − r, . . . , −s − 2, −s − 1, −s. Again, from the BCH bound, C has minimum distance greater than or equal to r + 2. Since C is equivalent to C ⊥ 2 , it follows that C ⊥ 2 also has minimum distance greater than or equal to r + 2. Therefore, the resulting CSS code have minimum distance greater than or equal to r + 2. If s ∈ [1, n − 1] satisfies gcd(s, n) = 1 then the coset C s has cardinality m. In fact, if |C s | = c < m it follows that n|s(q c − 1), so n|(q c − 1), a contradiction. Thus, since n is prime, each one of the cosets C s , where s ∈ [1, n − 1], has cardinality m. Additionally, from the hypothesis, all the q-ary C [s+2] , . . . , C [s+r] , are mutually disjoint. Thus C 1 has dimension k 1 = n − mr and C 2 has dimension k 2 = mr, since there exist r disjoint q-ary cosets not contained in the defining set of C 2 , where each of them has cardinality m. Therefore, the dimension K of the corresponding CSS code equals K = n−2mr. 7 code, consider q = 7, n = 19 and m = 3. The cosets are given by C 2 = {2, 14, 3} and C 16 = {5, 16, 17}. Let C 1 be the cyclic code generated by the minimal polynomial
and C 2 generated by 
C. Construction III -Codes Derived from Steane's Construction
In this subsection we construct new families of quantum BCH codes of prime length by applying Steane's enlargement of nonbinary CSS construction [ 
In Lemma 3.2 of Section III-B we have shown the existence of, at least, one q-ary cyclotomic coset containing two consecutive integers provided the code length is a prime number. In what follows we show how to construct good quantum codes of prime length by applying Steane's code construction. We begin by presenting an illustrative example: Example 3.2: Assume that n = 31 and q = 5. From Lemma 3.2, there exists a cyclotomic coset containing at least two consecutive integers; here it is the coset C 8 = {8, 9, 14}. Let C be the cyclic code generated by the product of the minimal polynomials Proof: We know that gcd(q, n) = 1. Let C be the cyclic code generated the product of the minimal polynomials
. By hypothesis and from Lemma 3.3, we know that C is Euclidean dual-containing. C has parameters [n, n − 2m, d ≥ 4] q . Let C ′ be the cyclic code generated by the minimal polynomial M (s) (x). We know that C ′ is an enlargement of C and has parameters [n,
where k ′ denotes the dimension of C ′ and k denotes the dimension of C. Applying Steane's code construction to C and C ′ , since
Theorem 3.5 can be generalized in the following way: Theorem 3.6: Assume that q ≥ 3 is a prime power, n > q is a prime number and consider that m = ord n (q) ≥ 2. Let C [s] be the cyclotomic coset containing s and s + 1.
, where all the q-ary cosets C [s+i] , i = 0, 2, 3, . . . , r, are mutually disjoint, and suppose that Z ∩ Z −1 = ∅. Then there exist quantum codes with parameters
Proof: We know that gcd(q, n) = 1. Let C be the cyclic code generated by the product of the minimal polynomials
Since Z ∩ Z −1 = ∅ holds, it implies from Lemma 3.3 that C is Euclidean dual-containing. From the hypothesis, all the q-ary cosets C [s] , C [s+2] , . . . , C [s+r] are mutually disjoint, so C has dimension k = n − mr and minimum distance d ≥ r + 2. Thus C has parameters [n, n − mr, d ≥ r + 2] q . Let C ′ be the cyclic code generated by the product of the minimal polynomials
We know that C ′ is an enlargement of C and has pa- We next establish Theorem 3.7, an analogous to Theorem 3.1.
Theorem 3.7: Suppose that q ≥ 5 is a prime power and n > q is an integer such that gcd(q, n) = 1. Assume also that (q − 1) | n and m = ord n (q) = 2 hold. Then there exist quantum codes with parameters [[n, n − 4c, d ≥ c + 2]] q , where 1 ≤ c ≤ r − 3 and r > 3 is such that n = r(q − 1).
Proof: We only prove the existence of an [[n, n − 4(r − 3), d ≥ r − 1]] q code, since the constructions of the other codes are quite similar.
Let C be the cyclic code generated by the product of the minimal polynomials
From Lemma 3.1 and from the proof of Theorem 3.1, we know that the q-ary cosets given by
q} are mutually disjoint and each of them has two elements. Therefore, C has dimension k = n−2(r−3)−1 and minimum distance d ≥ r − 1. Let us prove that C is Euclidean dual-containing. In fact, if (r + i) ≡ −(r + j) mod n, where 0 ≤ i, j ≤ r − 3, it follows that 2r + i + j ≡ 0 mod n. Since the inequality 2r + i + j < n holds because q ≥ 5, one has a contradiction. On the other hand, if (r + i)q ≡ −(r + j) mod n holds then
where the latter congruence holds because ord n (q) = 2. Then the unique solution is when i = j. Let us investigate this case. Seeking a contradiction, we assume that the congruence (r + i)q ≡ −(r + i) mod n is true. Then one obtains
where the latter inequality holds because r < q since we only consider nonprimitive BCH codes. Moreover, the inequality r(q − 3) − i(q + 1) < n also holds, which is a contradiction. If i = r − 3 then the congruence r(q − 3) ≡ (r − 3)(q + 1) mod n holds, that is, 4r ≡ 3(q + 1) mod n holds. Since r | (q + 1) and q + 1 > r hold, it implies that q + 1 ≥ 2r so, 3(q + 1) − 4r ≥ 2r > 0. Moreover, the inequality 3(q + 1) − 4r < n holds, which is a contradiction. Therefore, C is Euclidean dual-containing. Let C ′ be the cyclic code generated by the product of the minimal polynomials
Recall that an [[n, k, d]] q code C satisfies the quantum Singleton bound given by k + 2d ≤ n + 2. If C attains the quantum Singleton bound, i. e., k + 2d = n + 2, then it is called a quantum maximum distance separable (MDS) code. In the following two examples we construct quantum MDS-BCH codes:
D. Construction IV -Hermitian dual-containing BCH Codes
In this subsection we present the fourth proposed construction, which is based on finding good Hermitian dual-containing BCH codes. Let us recall some useful concepts.
Suppose that C is a linear code of length n over F q 2 . Then its Hermitian dual code is defined by 
Example 3.4: Let us start with an example of how Lemma 3.1 can be applied together the Hermitian construction in order to construct good codes. Assume that q = 7, n = 144, m = 3 and r = 3; the q 2 -ary cosets C 3 , C 6 , C 9 and C 12 contain only one element. The other cosets necessary for the construction are C 4 = {4, 52, 100}, C 5 = {5, 101, 53}, C 7 = {7, 55, 103}, C 8 = {8, 104, 56}, C 10 = {10, 58, 106}, C 11 = {11, 107, 59}. Let C be the cyclic code generated by the product of the minimal polynomials Theorem 3.8: Suppose that q > 3 is a prime power and n > q 2 is an integer such that gcd(q 2 , n) = 1. Assume also that (q 2 − 1) | n and m = ord n (q 2 ) = 2 hold. Then there exist quantum codes with parameters
where r is such that n = r(q 2 − 1). Proof: Let C be the cyclic code generated by the product of the minimal polynomials
We first show that C is Hermitian dual-containing. For this, let us consider the defining set Z of C consisting of the q 2 -ary cyclotomic cosets given by
We know that gcd(q, n) = 1 holds. From Lemma 3.4, it suffices to show that Z ∩ Z −q = ∅. Seeking a contradiction, we assume that Z ∩ Z −q = ∅. Then there exist i, j, where 0 ≤ i, j ≤ r − 2, such that (r + j)q l ≡ −q(r + i) mod n, where l = 0 or l = 2. If l = 0, one has r+j ≡ −q(r+i) mod n and so q(r + i) + r + j ≡ 0 mod n. Since q(r + i) + r + j < n and q(r + i) + r + j = 0 hold, one has a contradiction. If l = 2, it implies that (r + j)q 2 ≡ −q(r + i) mod n and since gcd(q 2 , n) = 1 and rq 2 ≡ r mod n one obtains
Since gcd(r, q) = 1 and gcd(q + 1, q) = 1 hold it implies that r(q + 1) | (i + jq), which is a contradiction because i + jq < r(q + 1). Thus C is Hermitian dual-containing. It is easy to see that these cosets are mutually disjoint, with exception of the coset C [r] , the other cosets have two elements. Thus C has dimension k = n − 2(r − 2) − 1. By construction, the defining set Z of C contains the sequence r, r + 1, . . . , 2r − 2, of r − 1 consecutive integers and, so the minimum distance of C is greater than or equal to r, that is, C is an [n, n − 2(r − 2) − 1, d ≥ r] q 2 code. Applying the Hermitian construction to C one can get an [[n, n − 4(r − 2) − 2, d ≥ r]]uantum code, as desired.
Corollary 3.3: Suppose q > 3 is a prime power and n > q 2 is an integer such that gcd(q 2 , n) = 1. Assume also (q 2 −1) | n and m = ord n (q 2 ) = 2. Then there exist quantum codes with parameters [[n, n − 4c − 2, d ≥ c + 2]] q , where 2 ≤ c < r − 2 and n = r(q 2 − 1). Proof: Let C be the BCH code generated by the product of the minimal polynomials
. Proceeding similarly as in the proof of Theorem 3.8, the result follows.
Theorem 3.9: Let q ≥ 3 be a prime power, n > q 2 be a prime number and consider that m = ord n (q 2 ) ≥ 2. Let C [s] be the cyclotomic coset containing s and s + 1.
, where all the q-ary cosets C [s+i] , i = 0, 2, 3, . . . , r, are mutually disjoint, and suppose that Z ∩ Z −q = ∅. Then there exist quantum codes with parameters
Proof: We know that gcd(q, n) = 1 holds. Let C be the cyclic code generated by the product of the minimal polynomials
Since Z ∩ Z −q = ∅ holds, it follows from Lemma 3.4 that C is Hermitian dual-containing. From the BCH bound, the minimum distance of C is greater than or equal to r + 2. It is easy to see that the cosets C [s+i] , where i = 0, 2, 3, . . . , r, have m elements and they are mutually disjoint. Thus C has parameters [n, n − mr, d ≥ r + 2] q 2 . Applying the Hermitian construction one can get an [[n, n − 2mr, d ≥ r + 2]] q code.
We finish this subsection by showing how Lemma 3.2 works for constructing quantum MDS-BCH codes:
Example 3.5: Let us consider q = 5 and n = 13. Since gcd(13, 24) = 1, the linear congruence (q 2 − 1)x ≡ 1 mod n has a solution, so there exists at least one q 2 -ary coset containing two consecutive integers, namely, the coset C [6] = {6, 7}. Choose C = M (6) (x) . Since C [4] = C [6] , C is Hermitian dual-containing and has parameters [13, 11, Tables I and II show the new codes derived from Construction I and from Theorem 3.4 in Construction II; Table III  presents new codes derived from Construction III and Table IV shows the new codes derived from Construction IV.
Checking the parameters of the new quantum BCH codes tabulated, one can see that the new codes have parameters better than the ones available in the literature. In other words, fixing n and d, the new quantum BCH codes achieve greater values of the number of qudits than the quantum BCH codes available in the literature. As the referee observed, it is interesting to note that most of our codes of length larger than q 2 + 1 are new. V. SUMMARY We have presented four quantum code constructions generating new families of good nonprimitive non-narrow-sense quantum BCH codes. These new quantum codes have parameters better than the ones available in the literature. Additionally, most of these codes are generated algebraically. 
